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Abstract
We prove that the so-called uniadic graph and its adic automor-
phism are Borel universal, i.e., every aperiodic Borel automorphism is
isomorphic to the restriction of this automorphism to a subset invari-
ant under the adic transformation, the isomorphism being defined on
a universal (with respect to the measure) set. We develop the concept
of basic filtrations and combinatorial definiteness of automorphisms
suggested in our previous paper. Bibliography: 10 titles.
1 Introduction
In [6,7], the first author proved that every ergodic automorphism of a Lebesgue
space has an adic realization, i.e., is isomorphic to the adic shift on the path
space of some graded graph equipped with a central measure. In [10], it
is proved that for such a graph one can always take the so-called uniadic
graph UA (see Sec. 4), varying only a central measure on its path space. The
purpose of this note is to prove a Borel analog of this result: every aperiodic
Borel automorphism of a separable metric space can be realized in the path
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space of the uniadic graph. The proof is based on the construction of a so-
called basic Borel filtration of a given automorphism. For more details on
the history of the problem, see [8, 10].
The relation between the Borel and metric approaches in dynamics and
representation theory has been considered in a number of papers, see [2–5].
One of the problems linking both approaches is to describe all invariant
measures for a given Borel automorphism or a Borel filtration.
The natural question, which is solved in the affirmative in this paper, is
whether one can define a universal automorphism in a standard Borel space
and an approximation of this automorphism so that every Borel automor-
phism of a standard Borel space is isomorphic (up to a set of zero measure
for all aperiodic measures) to the restriction of this automorphism to an in-
variant subset, see Theorem 1. It turns out that such a Borel space is the
path space of the uniadic (= universal + adic) graph we define below, the
desired automorphism is the corresponding adic shift, and the approximation
is determined by the tail filtration of the graph. The proof uses the idea of a
paper treating the old and simpler question about the Borel universality of
Rokhlin’s lemma.
The corollaries obtained in this paper and in [10] concern the theory of
uniform approximation of actions of the group Z, in particular, a new method
of encoding automorphisms via filtrations.
Let us describe the setting of the problem in more detail. Let X be a
standard Borel space. We say that a map T : X → X is a Borel automor-
phism of X if it is invertible and both T and T−1 are Borel measurable.
By Map(X,T ) we denote the space of all T -invariant aperiodic probability
measures on X. We say that a Borel subset X̂ ⊂ X is metrically universal
if µ(X̂) = 1 for every measure µ ∈Map(X,T ).
The main result of this note is the following theorem.
Theorem 1 (Borel universality of the uniadic graph). Let T be an aperiodic
Borel automorphism of a separable metric space X. Then there exists a
metrically universal Borel subset X̂ ⊂ X and a Borel measurable injective
embedding of X̂ into the path space T (UA) of the uniadic graph UA that
sends the automorphism T to the adic shift on T (UA).
The proof of Theorem 1 uses several different ideas. The first one con-
sists in obtaining a Borel version of Rokhlin’s lemma (see [1]). The second
idea is to iterate a weakened version of Rokhlin’s lemma in order to con-
struct a basic Borel filtration and an adic realization of the automorphism
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(see [6, 7] and [10]). We will prove a weakened Borel version of Rokhlin’s
lemma (Lemma 2), iterate it to construct a basic Borel filtration of the au-
tomorphism (Theorem 2), and prove Theorem 1.
2 Borel filtrations
In [10], we studied measurable partitions of a Lebesgue space and filtrations
(decreasing sequences of measurable partitions1) on Lebesgue spaces. In this
paper, the main notions are carried over to the Borel case.
2.1. Basic filtrations, colored filtrations
Definition 1. A Borel filtration of a standard Borel space is a decreasing se-
quence of Borel partitions Ξ = {ξn}n≥0 where ξ0 is the partition into separate
points.
A filtration Ξ is said to be locally finite2 if for every n the sizes of the
elements of the partition ξn are uniformly bounded by a constant, possibly
depending on n.
We say that Ξ is an ordered filtration if each element of the quotient
partition ξn+1/ξn is endowed with a measurable linear order (measurability
means that the set of all points with given number in the elements of the
partition ξn+1/ξn is Borel measurable); these orders induce a coherent order
on the elements of the partitions ξn, and hence on the classes of the limiting
partition
⋂
n ξn (which is not, in general, measurable); we assume that the
order type is Z for almost all classes.
A basic filtration is a locally finite ordered filtration.
Definition 2. Let T be a Borel automorphism of a standard Borel space X
and Ξ = {ξn}n≥0 be a basic Borel filtration on X. We say that Ξ is a basic
filtration for T if the limiting partition
⋂
n ξn is the partition into the orbits
of T and the order of Ξ is determined by T , i.e.,
• every element α of the partition ξk, k ∈ N, is a finite orbit of a point
x ∈ X under T :
α = {T jx : j = 0, . . . , |α| − 1};
1In a decreasing sequence of partitions, elements of partitions become coarser. The
orderings of partitions adopted in combinatorics and in measure theory are reverse to each
other; we use the terminology of measure theory and functional analysis.
2Note that this notion of local finiteness of a Borel filtration is, in general, different
from that adopted in the metric theory of measurable partitions.
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• for every x ∈ X, the union of all elements ξk(x) of ξk containing x
coincides with the orbit OrbT (x) of x under T .
Definition 3. Let ξ be a Borel partition of a Borel space X. We say that ξ is
a colored partition if the quotient partition X/ξ is endowed with a finite Borel
partition c[ξ] determining the colors of the elements of ξ. The partition c[ξ]
will be called the coloring of the partition ξ.
A Borel filtration Ξ = {ξn}n≥0 is said to be colored if each partition ξn is
endowed with a coloring c[ξn].
2.1 Combinatorial definiteness of a Borel filtration
As in [10], we introduce the notion of combinatorial definiteness of a basic
Borel filtration.
Recall the construction of the finite tree describing the structure of a finite
ordered filtration on a finite set. Let A be an arbitrary finite set and {ηi}ni=0
be a finite ordered filtration on A with the last partition ηn being trivial
(consisting of a single nonempty class). We construct an ordered graded tree
corresponding to this finite filtration as follows. The vertices of level i in this
tree correspond to the elements of the partition ηi. A vertex of level i + 1
is joined by an edge with a vertex of level i if the corresponding elements
of partitions are nested. The nth level consists of a single vertex, and the
vertices of level 0 are the elements of the set A. The set A is endowed with
a linear order: the filtration order determines an order on the edges leading
from every vertex to vertices of the previous level. The obtained graded
tree will be called the filtration tree on the set A (see Fig. 1). The set of all
ordered graded finite trees will be denoted by OT . Besides, we consider trees
with a marked vertex (leaf). The set of all ordered graded finite trees with a
marked leaf will be denoted by OT P . In the case of a colored filtration, the
coloring can be carried over to trees in a natural way: a vertex of the tree is
colored as the corresponding element of the partition.
Let Ξ = {ξn}n≥0 be a (colored) basic Borel filtration on a space X. For
n ≥ 0 and x ∈ X, consider the (colored) ordered graded tree otpn(x) ∈ OT P
corresponding to the restriction of the finite filtration {ξi}ni=0 to the element
of the partition ξn containing the point x, with the marked leaf corresponding
to the point x. By otn(x) we denote the same (colored) ordered tree without
marked vertex. On the space X consider the Borel partition ξ¯n into the
preimages of points under the map otpn. We say that the sequence Ξ¯ of
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Figure 1: A finite filtration and the corresponding tree with a marked vertex.
thinning partitions {ξ¯n}n≥0 is associated with the basic filtration Ξ.
Definition 4. We say that a (colored) basic Borel filtration Ξ on the space X
is combinatorially definite if for any two points x, y ∈ X there exists an
index n such that x and y lie in different elements of the partition ξ¯n.
As in the metric case (see [10]), every basic Borel filtration of a separable
metric space can be colored so as to become combinatorially definite.
Proposition 1. Let Ξ = {ξn}n≥0 be a basic Borel filtration of a separable
metric space X. Then each partition can be equipped with a color (see Defi-
nition 3) so that the resulting colored filtration is combinatorially definite.
The proof reproduces that from [10], so we only outline its scheme: it
suffices to choose an arbitrary sequence {ηn}n≥0 of finite Borel partitions
of X that separates the points, and for each n ≥ 0 define a coloring of the
elements of the partition ξn using the partition ηn.
In the next subsection, we will show how, given a combinatorially definite
colored filtration, one can construct its adic model.
2.2 An adic realization of a combinatorially definite
filtration
The construction suggested in [10] allows one to realize combinatorially def-
inite (colored) basic filtrations as tail filtrations on graded graphs endowed
with an adic structure. It can be carried over to the Borel case without
changes. Let us briefly recall this construction. Given a (colored) basic
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Borel filtration Ξ = {ξn}n≥0 of a space X, we construct a graded graph
Γ = Γ[Ξ] as follows. Its nth level contains the vertices corresponding to dif-
ferent (colored) trees otn(x), x ∈ X; there are finitely many of them, since
the filtration is locally finite (and the set of colors is finite for every n). Two
vertices of neighboring levels are joined by an edge if the corresponding (col-
ored) ordered trees are nested. An order on the edges entering every vertex
is determined by the order in the tree corresponding to this vertex. If a ver-
tex v of level n in Γ corresponds to a tree ot ∈ OT , then the paths coming
to v from the vertex of level 0 correspond in a natural way to the leaves in
the tree ot (taking into account the order). The space X can be mapped to
the path space T (Γ) of the constructed graph: a point x ∈ X goes to the
path passing through the vertices corresponding to the trees otn(x), n ≥ 0;
the beginning of length n of this path corresponds to the marked leaf in the
tree otpn(x).
As in the metric case, we obtain the following result.
Proposition 2. If a (colored) basic Borel filtration Ξ of a space X is combi-
natorially definite, then it is isomorphic to the tail filtration of the constructed
graded graph Γ[Ξ] with the adic order.
Proposition 2 reduces the problem of finding an adic realization of a
Borel automorphism to the problem of constructing a combinatorially definite
colored basic Borel filtration for this automorphism.
3 A Borel version of Rokhlin’s lemma; con-
structing a basic filtration for a Borel au-
tomorphism
Let T be a Borel automorphism of a standard Borel space X. Let B ⊂ X
be a Borel subset. By OrbT (B) we denote the orbit of the set B under T ,
and by OrbT,+(B), the positive semi-orbit (sometimes, the symbol T in the
notation for the orbit will be omitted):
OrbT (B) =
⋃
k∈Z
T kB, OrbT,+(B) =
⋃
k≥0
T kB.
The Rokhlin tower R[B] with base B is the sequence of pairwise disjoint
Borel sets B0 = B, Bk = TBk−1 \B0, k ≥ 1. The sets Bk are called the levels
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of the tower R[B], and B0 is called the base of R[B]. Clearly, the union of
all levels of the tower R[B] is the positive semi-orbit of B under T :
∪k≥0Bk = Orb+(B).
Let h ∈ N. The tower Rh[B] of height h with base B is the part of the
Rokhlin tower R[B] defined above consisting of the levels B0, . . . , Bh−1. We
say that a tower is full if every its level is the full image of the base under the
corresponding power of T , i.e., Bk = T
kB0. By R¯h[B] we denote the union
of all levels of the tower Rh[B]. Saying that towers Rh1 [B1] and Rh2 [B2]
are disjoint, we mean that the corresponding sets R¯h1 [B1] and R¯h2 [B2] are
disjoint.
3.1 A weakened Borel version of Rokhlin’s lemma
The classical Rokhlin’s lemma underlies the theory of uniform approximation
of automorphisms of a Lebesgue space. The problem of finding a Borel
version of the lemma was posed by V. A. Rokhlin in a conversation with the
first author. Glasner and Weiss (see [1, Proposition 7.9]) proved the following
Borel analog of the lemma.
Lemma 1. Let T be a homeomorphism of a Polish space (X, ρ). Let ε > 0,
n ∈ N. Then there exists a Borel subset B ⊂ X such that the tower Rn[B]
is full and µ(R¯h[B]) > 1− ε for every measure µ ∈Map(X,T ).
It will be convenient for us to modify this statement so as to make it more
suitable for iteration and construction of a basic filtration.
Definition 5. A signature is a finite nonempty subset of the set of positive
integers: s = {h1, . . . , hn} ⊂ N. We say that a signature s is primitive if the
numbers from s are jointly relatively prime. The signature s = {1} will be
called trivial.
Let ξ be a partition of a space X. We say that ξ is subordinate to a
signature s if every element of ξ is finite and its cardinality is contained in s.
Lemma 2. Let T be a Borel automorphism of a separable metric space (X, ρ).
Let s = {h1, . . . , hn} be a nontrivial primitive signature. Then for every ε > 0
there exist Borel subsets B1, . . . , Bn ⊂ X such that the following properties
hold :
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(1) the towers Rhi [Bi], i = 1, . . . , n, are full and pairwise disjoint ;
(2) T is a bijection on
n⋃
i=1
R¯hi [Bi];
(3) for every measure µ ∈Map(X,T ),
n∑
i=1
µ
(
R¯hi [Bi]
)
= 1,
n∑
i=1
µ(Bi) <
1
2
+ ε.
Proof. We may assume without loss of generality that 1 ≤ h1 < · · · < hn.
Take a positive integer N such that every positive integer m ≥ N can be
represented as a sum m =
n∑
i=1
αihi with nonnegative integer coefficients αi
with the additional constraint α1h1 < εm. Consider the set
XN = {x ∈ X : T kx 6= x for 1 ≤ k ≤ N}.
We want to find a sequence of Borel sets {Uj}j∈N such that for every j the
tower RN [Uj] is full and XN = ∪jUj.
We may assume without loss of generality that the metric ρ is bounded.
Consider a new metric on X:
ρ˜(x, y) =
∞∑
i=0
2−iρ(T ix, T iy), x, y ∈ X.
This series is absolutely convergent, and the metric ρ˜ is separable on X.
It is easy to see that the map T is Lipschitz in this metric: ρ˜(Tx, Ty) ≤
2ρ˜(x, y). For every point x ∈ XN , the points T ix, i = 0, . . . , N , are pairwise
distinct, hence there exists δ > 0 such that the open balls Bρ˜(T
ix, 2iδ),
i = 0, . . . , N , are pairwise disjoint. Then the shifts of the open ball Bρ˜(x, δ)
under the transformations T i, i = 0, . . . , N , are pairwise disjoint. Since the
space (X, ρ˜) is separable, we can represent the set XN as a countable union
of such balls. Let us call them Uj, j ∈ N. It remains to show that every
such open ball in the metric ρ˜ is measurable with respect to the Borel σ-
algebra generated by the metric ρ. For fixed x, for every i, the function
y 7→ ρ(T ix, T iy) is Borel measurable as the composition of Borel measurable
maps. Therefore, the function y 7→ ρ˜(x, y) is also Borel measurable, which
implies the measurability of the ball in the metric ρ˜. So, a desired family Uj
is constructed.
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Now let us construct a sequence of Borel sets {Vj} such that the semi-
orbits Orb+(Vj) are pairwise disjoint and⋃
j
Orb(Vj) =
⋃
j
Orb(Uj) = XN .
This sequence can be defined recursively: V1 = U1, and
Vj = Uj \
( j−1⋃
l=1
Orb(Vl)
)
, j ≥ 2.
For fixed j ∈ N, let Vj,k be the kth level in the tower R[Vj]. By construc-
tion, Vj ⊂ Uj, hence the tower RN [Vj] is full. Each of the sets Vj can be
represented as a countable union:
Vj = V˜j,∞ ∪
⋃
k≥N
V˜j,k, where V˜j,k = T
−kVj,k \ T−k−1Vj,k+1,
V˜j,∞ =
⋂
k≥N
T−kVj,k.
Thus, V˜j,k is the set of points of the tower base over which there are exactly k
levels, and V˜j,∞ is the set of points over which the tower is infinite; hence, the
towers Rk[V˜j,k] and R[V˜j,∞] are full. We will call them elementary towers.
Every elementary tower has height at leastN , hence it can be represented as a
disjoint union of full towers of height h1, . . . , hn; moreover, a representation
can be chosen in such a way that the total portion of levels of towers of
height h1 does not exceed ε (and when decomposing elementary towers of
infinite height, one can do without towers of height h1 at all). Combining
the towers of the same height hi, i = 1, . . . , n, into one, denote its base by Ai.
Clearly, all sets involved in the construction are Borel, and the towers
Rhi [Ai], i = 1, . . . , n, are pairwise disjoint. For a measure µ ∈ Map(X,T ),
we have µ(XN) = 1. Note that the union of the constructed towers coincides
with the union of the semi-orbits Orb+(Vj). Obviously, for every k ≥ 1 and
every j, the set T−kVj \ Orb+(Vj) has pairwise disjoint images under the
transformations T lk, l ≥ 1, hence it has zero measure. It follows that
µ
( n⋃
i=1
R¯hi [Ai]
)
= µ
(⋃
Orb+(Vj)
)
= 1.
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It is clear from construction that for every finite elementary tower Rk[V˜j,k],
µ
(
R¯h1 [A1] ∩ R¯k[V˜j,k]
)
≤ εµ
(
R¯k[V˜j,k]
)
,
hence µ
(R¯h1 [A1]) ≤ ε. Since the signature s is not trivial, h2 ≥ 2. Since all
towers Rhi [Ai], i = 1, . . . , n, are full, this implies the inequality
n∑
i=1
µ(Ai) = µ(A1) +
n∑
i=2
µ(Ai) ≤ µ(A1) +
n∑
i=2
1
2
µ
(R¯hi [Ai]) ≤ 1 + ε2 < 12 + ε.
Let A =
n⋃
i=1
R¯hi [Ai] be the union of all constructed towers. It is clear
from construction that T (A) ⊂ A. Put B = ⋂
k≥0
T−kA and Bi = Ai ∩ B,
i = 1, . . . , n. Obviously, the sets Bi inherit the properties of the sets Ai
verified earlier, but now the map T is a bijection from the set
n⋃
i=1
R¯hi [Bi]
onto itself.
3.2. Constructing a basic filtration with a given signature
Theorem 2. Let {sk}k∈N be a sequence of nontrivial primitive signatures.
Let T be a Borel automorphism of a separable metric space (X, ρ). Then there
is a metrically universal T -invariant subset X̂ ⊂ X consisting of aperiodic
points and a basic Borel filtration Ξ = {ξk}k≥0 on the set X̂ such that the
partition ξk/ξk−1 is subordinate to the signature sk for all k ≥ 1.
Proof. The proof is based on an iterative application of Lemma 2. Fix a
sequence εn, n ∈ N, of positive numbers converging to zero. For convenience,
we will assume that (X1, ρ1) = (X, ρ), T1 = T .
Let us describe one step of the construction. Let m ≥ 1, and let Tm be
a Borel automorphism of the separable metric space (Xm, ρm). Let sm =
{h1,m, . . . , hn,m}, where h1,m< · · · < hn,m and n = n(m). Apply Lemma 2 to
the Borel automorphism Tm of the space (Xm, ρm), the signature sm, and the
number εm. Find the corresponding collection of Borel sets B1,m, . . . , Bn,m.
PutXm+1 =
n⋃
j=1
Bj,m (the union of the tower bases) and Ym =
n⋃
j=1
R¯hj,m [Bj,m]=
OrbTm(Xm+1) (the union of the towers themselves). Define a projection
pim : Ym → Xm+1 of points of the tower to its base:
pim(T
k
mx) = x for x ∈ Bj,m, k = 0, . . . , hj,m − 1, j = 1, . . . , n.
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Since Tm sends Borel sets to Borel sets, it is clear that the map pim is Borel.
Define a partition νm on Ym as the partition into the preimages of points
under the projection pim. In other words, elements of νm are sets of the form
{T kmx : k = 0, . . . , hj,m − 1}, j = 1, . . . , n, x ∈ Bj,m.
Define a map Tm+1 on Xm+1 as a recurrence map: namely, for every point
x ∈ Xm+1, put Tm+1(x) = T rm(x)m x, where rm(x) = min{k : k > 0, T kmx ∈
Xm+1}. One can easily see that for j = 1, . . . , n, for x ∈ Bj,m, we have
rm(x) = hj,m, since, by construction, the set Ym (the union of the towers) is
invariant under Tm. One can easily check that Tm+1 is a Borel automorphism
of the separable metric space (Xm+1, ρm+1), where ρm+1 is the restriction of
the metric ρm to Xm+1.
Put
X̂ =
⋂
m≥1
OrbT (Xm) \OrbT
( ⋂
m≥1
Xm
)
.
One can easily show, by induction on m ≥ 1, that for every point x ∈ X̂ the
intersection OrbT (x) ∩Xm consists of a single Tm-orbit, i.e., for every point
y ∈ OrbT (x)∩Xm we have OrbT (x)∩Xm = OrbTm(y)∩Xm. It follows that
for m ≥ 1 we have X̂ ∩Xm = X̂ ∩ Ym, hence
pi−1m
(
Xm+1 ∩ X̂
)
= Ym ∩ X̂ = Xm ∩ X̂.
For m ≥ 1, we define a partition ξm of the set X̂ = X1∩X̂ as the partition
into the preimages of points of the set Xm+1∩ X̂ under the map pim ◦ · · · ◦pi1.
Clearly, for every point x ∈ Xm+1∩X̂ the preimage pi−11 ◦· · ·◦pi−1m (x) coincides
with the part {T kx : 0 ≤ k < N} of the orbit OrbT (x), where N is such that
TNx = Tm+1x. One can easily see that the partition ξm+1 is coarser than ξm,
and that the quotient of ξm+1 by ξm is isomorphic to the restriction of the
partition νm+1 to Ym+1 ∩ X̂ and hence is subordinate to the signature sm+1.
Let us check that the set X̂ is metrically universal. Given a measure
µ ∈ Map(X,T ), let µm, m ≥ 1, be the restriction of µ to the set Xm.
Obviously, the measure µm is invariant under Tm. Points from Xm that are
periodic for Tm are also periodic for T , hence the measures µm are aperiodic.
Lemma 2 guarantees that µm(Xm \ Ym) = 0. It follows that
µ(OrbT (Xm) \OrbT (Xm+1)) = 0,
and now one can easily show by induction that µ(OrbT (Xm)) = 1 for every m.
Lemma 2 guarantees that µ(Xm+1) < (
1
2
+ εm)µ(Xm), hence µ(Xm) → 0,
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which implies that
µ
(
OrbT
( ⋂
m≥1
Xm
))
= 0.
Thus, µ(X̂) = 1.
It remains to check that the constructed filtration is basic. It suffices to
show that for x ∈ X̂ the points x and T−1x lie in the same element of the
partition ξm for sufficiently large m. But for every m the points for which x
and T−1x do not lie in the same element of ξm are exactly the points of the
set Xm+1 ∩ X̂. These sets are nested, and their intersection over all m ≥ 1
is empty.
4 The uniadic graph
Recall the construction of the uniadic (universal semidyadic) graph (see [10]).
Level 0 of this graph contains a single vertex. Further, having the set Vn
of vertices of level n, we define the set Vn+1 of vertices of level n + 1 as
Vn+1 = V
2
n unionsq copy(Vn). Every vertex w from V 2n is understood as an ordered
pair (u, v) of vertices of level n, and we draw edges from u and v to w
endowing them with a natural order: the edge (v, w) is greater than (u,w).
Every vertex w from copy(Vn) is understood as a copy of some vertex u of
level n, and we draw a unique edge from the vertex u to the vertex w. The
resulting graph endowed with the adic structure will be called uniadic and
denoted by UA (see Fig. 2). The term “uniadic” derives from the words
“universal” and “semi-dyadic,” where the latter means that every vertex
of level n, for n ≥ 1, has one or two edges coming to it from vertices of
level n − 1. The predecessors of this graph are dyadic graphs: the graph of
unordered pairs (see [8]) and the graph of ordered pairs (see [9]); each of them
is of considerable interest.
Recall two constructions applied to graded graphs: induction and tele-
scoping.
Definition 6. Let Γ be a graded graph and {kn}n≥0 be a strictly increasing
sequence of nonnegative integers with k0 = 0. We define a telescoping of
the graph Γ as follows. The nth level of the new graph contains the vertices
corresponding to the vertices of level kn in Γ. A vertex of level n and a
vertex of level n + 1 are joined by a multiple edge with multiplicity equal
to the number of paths in Γ between the corresponding vertices. An adic
12
Figure 2: Several first levels of the uniadic graph UA.
order on the edges of the new graph is determined by the adic order on the
corresponding paths in the original graph.
One can easily see that the adic shifts on the path spaces of the original
graph and the telescoped graph are isomorphic.
Definition 7. We say that a graded graph Γ1 is an induced subgraph of a
graded graph Γ if the set of vertices and the set of edges of Γ1 are subsets in
the set of vertices and the set of edges of Γ, respectively, and, besides, if v is
a vertex of Γ1, then Γ1 contains all edges of Γ coming to v from vertices of
the previous level. An order on the edges is inherited in a natural way.
If Γ1 is an induced subgraph of Γ, then its path space T (Γ1) is a subset
of the path space T (Γ) of Γ invariant under the adic shift in Γ.
To prove the main theorem, we will use the following proposition proved
in [10].
Proposition 3. Let Γ be a graded graph with an adic structure whose every
vertex, except the vertex of level 0, has at least two edges coming to it from
above. Then there is an induced subgraph of the uniadic graph UA such that
a telescoping of this subgraph is isomorphic to Γ.
5 Proof of Theorem 1
To prove the theorem, it remains to apply the obtained results. Let T be an
aperiodic Borel automorphism of a separable metric space X. Choose the
following sequence of signatures: sk = {2, 3} for k ≥ 1. Further, applying
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Theorem 2, find a metrically universal subset X˜ ⊂ X and a basic filtration
Ξ = {ξn}n≥0 on X˜ subordinate to the signature. Using Proposition 1, color
the filtration so as to make it combinatorially definite. Proposition 2 shows
that the colored basic filtration Ξ is isomorphic to the tail filtration of the
graded graph Γ = Γ[Ξ] with the adic shift. Note that every vertex of Γ,
except the vertex of level 0, has either two or three edges coming to it from
above: this follows immediately from the construction of the graph and the
fact that the filtration Ξ is subordinate to the chosen signature. It remains to
apply the last ingredient of the proof, Proposition 3. It allows us to embed
the path space of the graph Γ[Ξ] equivariantly into the path space of the
uniadic graph.
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